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Mathematical Notations

@ R is the set of real numbers.

@ K U L is the finite set of commodities.
... K # (0 is the index set of public goods.
... L # () is the set of private goods (K N L = 0).

@ [ is the index set of agents (=consumers).
@ J is the index set of private firms.

For finite set A, denote by A the number of elements of A.
Write RY instead of R*X to represent #K -dimensional vector
space.
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As in Foley (1970), a vector of public and private goods is
written as (z1, ..., x4k 21, .., 240) = (5 2) € REVL,

Each agent ¢ € I is written by (~—;,w;), where =, is preference
relation on closed convex consumption set X; ¢ R&YL
bounded from below, and w; € R% | is the initial endowment.
The preferences are assumed to satisfy reflexivity, transitivity,
completeness, continuity, and strict convexity.

For each agent, preference can be satiated, and locally non-
satiated at every point except for the maximal satiation point.
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An economy £ is a finite lists of agents, (=;,w;);cr, private firm
technologies, (Y;),es, and a public firm technology Y.

(1-1) For each j € J, Y; is a closed convex subset of R¥VE
s.t. Y; has no positive coordinate for public goods.

(1-2) Technology Yj is a closed convex subset of R*V! s .
0 € Yy and Y}, has no positive coordinate for private goods.

(1-3) For each Y;, public goods are harmless in the sense
that if (x; 2) € Y;, then (2;2) € Y; forall 2’ = «.

N.B. Compare (1-3) with the condition in Foley (1970), i.e.,
(B.5) No public good is necessary as a production input.
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The set of all technically possible production plans in the
economy, Y, is defined as the following set:

Y ={(z;9)ly = vo+ >_;c5 Y5 (T590) € Yo, (z;9;) € Y; for all
jed}.

For private firms (Y}),c, the list of sets of the technology
owners is represented by (B;)je.

Y and Y, are owned by I, the set of all members of economy.

The pure exchange case is Y; = {0} and B; = () for all j € J.
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A consumption allocaion for a list of agents I is a sequence
of elements of consumption sets, ((z;; z;) € X; € REVE)¢;.

For economy &€ = ((2Z4,wi)ier, Y, (Bj)jeg), if (z; 2:)ier satisfies
D ic1 %i = D ierwi +y forsome (z;y) €Y,

we say that (z; z;);cs is feasible under (z;y) € Y.
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Dividend Lindahl Equilibrium

Dividend Lindahl equilibrium for economy £ is the list of

@ price vector p* = (p%;p%) € REVL, private price vectors
for consumers (p'* € R");c; and producers (p’;" € R%) ey

such that pj = > s P + Zjej pﬂ*,

@ non-negative dividends d* = (d});c; € R?,

o feasible consumption allocation (2*; z*);c; under
(z5y%) €V = Yo+ S50 v with y* =y + X 7,
where (z*;y5) € Yo and (z*;y7) € Y; for each j € J,

which satisfies the following three conditions:
() p7 -y —p)"-a* Z py -y — )" -xforall (z;y;) € Yyand j € J,
(i) p* - (%595) 2 p* - (z390) for all (z;y0) € Yo,

(i) for each i € I, (z*; 2)) is the 7Z;-greatest element in the set,
{(z;2:) € REVE | pi* -+ py - 2 S pf - wi + df )

Hiromi Murakami Core Limit Theorem for Economies with Production

11/23



Lemma 1 A dividend Lindahl equilibrium satisfies

Ziel d; = Zjej(pz ' y;k —pfz* o) +p* - (275 y0),

If the equilibrium allocation has no satiation point. In general,
by the feasibility condition and the budget constraint (iii), we

have S, di 25 .o (ph - ys — P - a®) + 0" - (a3 15),

Profit 3£ B THOEE L TWBH, REENFETHNIL. FAZE
DFEIPPE LR INBZDEEFRWY (D ULALRSING &,
Walras Law ICFET 5),
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Dividend Lindahl Equilibrium (Profit Share)

dodiz > -y -y e+ Qopt+ Yy - (@)

icC jeJ(C) el JeJ(C)

-+ - Profit |& Closed Production Group C T3 TUL\5,




Dividend Lindahl Equilibrium (2)

Dividend Lindahl Equilibrium is a generalized concept of
Lindahl-Foley Equilibrium of Mas-Colell and Silvestre (1989)
In the following sense:

@ There are multiple private goods and public goods.
@ Preferences are possibly satiated.

@ There are multiple private firms. Consumers and private
frims pay the cost of public goods.

@ Public firm maximizes its profits. Our equilibrium concept
focuses on the profit-shares of public and private firms.
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Closed Production Group (1)

Given feasible (2*; 2} );c; under (z*;y5) € Yy and (2% y%) € Y;
foreach 5 € Jin &£, a group of members of I, C' C I, is called a
closed production group for (z*; 2*);c; under (z*; y*) with
y*=y5+ ..y Y; if there exists J(C) ={j € J | B; C C} s.t.

ZiEC Zf;k — Ziec Wi yS - Zjej((j) y;'—‘,
where (z*;y5) € Yo and (z*;y7) € Y; forall j € J(C).

© For closed production group C, their status quo allocations
of public and private goods can be supplied through public
goods technology Yo, private firms’ technologies » .. 7 Y
owned merely by members of ', and resources owned by C.
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Closed Production Group (2)

The total members group I of £ is always a closed production
group. It is quite natural to consider that such a group has full
control rights to change their production .. ;~y; to another.

From the definition of CPG and the budget constraint (iii) of
dividend Lindahl equilibrium, we have the next lemma.

1€eC Y =

Lemma 2 For each closed production group C' C I, } ;. d; 2
> s PL Y =Py )+ e P jeso) Py iPL) (T 45)-

--- All profits are completely distributed in each CPG.
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Admissible Production Decision Groups

Suppose that £ = ((Zi, wi)ier, Y, (B;)jes) is associated with the
structure of production decision groups for private goods.

Admissible production decision groups C(&, (x; 2;)icr,y) =
(Ch)nen for each (z; z;);cr feasible under (z; y) with y = yo+
> icgYi» (T390) € Yo, (z3y;) € Y foreach j € J, of £ as follows:
@ () and I are elements of {C}, | h € H},
o for every h € H, there is a private technology, Yo, ¢ REVL,

o if Cy is CPG, Yo, = {(z:y)ly = X je(0,) Yi- (2395) € Y}
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Public Production Core

Given economy E = ((iz, wz')iej, Y, (Bj)jej), (ZB; Zi)ie] feasible
under (z;y) € Y withy = yo + ). ; 5, is @ public production
core allocation with C(&, (x; 2;)icr,y) = (Ch)nen, if there are no
coalition .S with partition (51, S52), S = S1 U Se, where 51 Cc I\ C
and Sy, C C for acertain C = C},, h € H, and no allocation

(2'; 20)iesuc for S U C with (2';4) € Yy +(L) Yc, , where

y' =y + e, » satisfying the following conditions:

(1) 2iesue % = Yo + Yo, + Zz‘e(SUC) Wi

_ , 7
(9) (¢;2)) = (7; %) foralli € S, and
(2',2;) i (T3 %) forall e e C'\ S. / 5 C _\
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Optimality and Core [Equilibrium = Core]

Theorem 2* If feasible allocation (z*; 2);c; under (z*; y*)eY is
dividend Lindahl equilibrium for £ = ((Z;, wi)ier, Y, (Bj)je)
under p* # 0 with C(&, (z*; 2} )icr, ¥*) = (C})nen~, Where C}, is
CPG for (z*; 2));er under (z*;y*) for each h € H* then (z*; 2*)"

is a public production core allocation of £ for every n > 1.

(1) Pareto optimality can be proved as the case with C' = 1.

(2) If the amount of public goods is fixed, for each n = 1, core
property is proved when pj - zF = p} - w; forall ¢ € 5.

(3) If the amount of public goods is not fixed, even for n = 1,
core property is difficult to prove. - - - < The result of Mas-Colell
and Silvestre (1989) is hard to extend.
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Counter Example for Case (2) of Theorem 2
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Core Limit Theorem [Core = Equilibrium]

Theorem 1 A feasible allocation (z*; 2}),cy under (z*;y*) € Y
with y* = yf)‘ + ZjEJ y;" for & = ((Eﬂ;,wi),,;e[, Y, (Bj)je]), with
C(E, (x*; 2] )ier, y")jes) = (C})nen, Where {Cf | h € H} D {1},
is a dividend Lindahl equilibrium if its n-fold replica allocation
belongs to the public production core of £” for every n = 1.

... Public Production Core D2 TEF L WEIREE D %R Y A
A TW < &, Dividend Lindahl Equilibrium (ffifg & #iE & & U
BIEDDED T COREHAEERED) ME>TK %,
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Conclusion
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Dividend Lindahl Equilibrium D 45#4

Lemma 2 For each closed production group C C I, } ;. d; >

> ica )P vE =0y )+ (e P+ 2 jeaio) P PL) (375 55)-

. Satiation "7 W 5. £EXNIFFESTHKILY %, Profit (&
Closed Production Group C TREINTWS A, REENKRF
Thnid, REZDOFEIOE LR INBZMEEF LW (L3
LRI N3 &, Walras Law ICFIE).
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