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Abstract

1 Introduction

2 Notation and Definitions

Let N = {1,2,...,n} be the finite set of persons with at least two. Let X be
the finite set of social states with at least three. Let %=; be the preference of
person i. We assume that »=; is complete and transitive on X'. The strict and
indifferent preferences associated with =; are denoted by >; and ~; respectively.
Let P(X) be the set of all preferences. A profile = is the list of individual
preferences == (%=1, ..., =x), s0 the set of profiles is P(X)™. A social choice rule
F, simply a rule, is a mapping that associates with each profile =€ P(X)™ a
social preference =, a complete binary relation on X. The strict and indifferent
social preference associated with =g are denoted by >p and ~p respectively.
A social state x € X is characterized by welfare and non-welfare attributes.
Given a profile, the welfare attribute of x is the profile itself and all the concepts
derived from the profile such as utilities of x, the Borda numbers of x and so on,
which depend on profiles. On the other hand non-welfare attributes are intrinsic
to x independently from profiles. Let non-welfare attributes be given. We
assume all the social states are classified into subgroups in which each member
is thought of as identical from the viewpoint of the non-welfare attributes. Thus
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1We say i=; is complete on X if and only if for all z,y € X, = =; y or y =; = , and =; is
transitive on X if and only if for all z,y,z € X, x =; y %=; z implies = >>; z



X has a partition {Xy}xea, ie, X = U Xx and Xy N Xy =0 for all A # \.
AEA
If z,y € X, we cannot distinguish between x and y from the viewpoint of the

non-welfare attribute. We call X an attribute set. We assume that there exist
at least two attribute sets.

Example 1 Lady Chatterley’s Lover (Sen 1969)
X ={rap,74,7B,70}
The non-welfare attribute: Read or not, a kind of morality
The attribute sets: either {rag},{ra,rs}, {ro} or {ras,ra,rs},{ro}

Example 2 Marriage (Gibbard 1974)
X ={wg,ws,w,}.
The non-welfare attribute: Marriage or not, one of customs
The attribute sets:{wg, w;}, {w,}.

Example 3 Mac or Windows
X = {(m= m)= (m7 w), (w, m), (w7 w)}
The non-welfare attribute: Corporate or not.
The attribute sets:{(m,m), (w,w)}, {(m,w), (w,m)}.

Example 4 Building a commercial complex (C) or protecting natural environ-
ment (E)

X = {C,E} x [[ X.
=1

The non-welfare attribute: Ignvironment.n
The attribute sets: {C} x [[ X4, {E} x [[ X:.

i=1 i=1

3 Axioms

A rule F satisfies Conditional Full Rationality (CFR) if for any =€ P(X)", any
Xy, Xor, A # XN and any {z,y,2} C XaUXy, @ =r y =F 2 implies z =p 2.
Note that transitivity of =g does not always hold on {z,y,z} if each of the
three belongs to a different attribute set. It is easy to see that a rule F' satisfies
CFR if and only if for any X, Xy, A # X and any {z,y,2} C X, U Xy,(i)
x ~p Yy ~p zimplies x ~p z and (ii) either ¢ =p y =p zor ¢ =p y =F 2
implies = >F 2.

There are four cases for CFR.

(0) either z,y,z € X, or x,y,z € X);

(1) ze Xy, ye Xy, ze€ Xy;

(2) z € Xy,y € Xn,2z € Xy

(3) r e Xy,ye Xy, z€ X,.

Case (0) is essentially equivalent to Full Rationality (FR) imposed on Ar-
rovian rules?. An everyday example illustrates Case (1).

2A rule F satisfies FR if and only if = p is complete and transitive for any =€ P(X)™.



Example 5 Let a non-welfare attribute be religion. Let x be a social state
where we are Christian with a piece of bread per day, y be a social state where
we are Christian with no bread per day, and z be a social state where we are
not religious with bread as much as we like per day. Then it looks natural
that = »=p y »=r z implies x »=p z. If we Christians like having one piece of
bread better than no bread (z =r y) and if we like being a Christian with no
bread better than being a rich with no religious faith (y =r z), then we like
being a Christian with one piece of bread better than a rich with no religious
faith (z =p 2).

The formal meaning of Case (1) is as follows. Note that {z, 2} and {y, 2}
have no difference in non-welfare attributes; z € X, and z € X, whereas
y € X and z € X,/. Thus if we have x <p z whereas y >r 2z, this implies
that the welfare attributes of y are more highly praised in social preference than
that of x. But this is a contradiction because x = y was made only by welfare
attributes. In this case we can ignore non-welfare attributes since x and y have
no difference in non-welfare attributes. Therefore x > z should be made. Case
(2) can be justified as well.

A slight modification of the everyday example in Case (1) illustrates Case

(3).

Example 6 Let x be a social state where we are Christian with a piece of bread
per day, y be a social state where we are not religious with bread as much as
we like per day, and z be a social state where we are Christian with no bread
per day. If we like being a Christian with a piece of bread better than being
a rich with no religious faith (z = y) but we might as well discard the faith
as starve to death (y =p z), then we Christian like having food better than no
food (z =F 2).

The formal meaning of Case (3) is explained as well as in Case (1). Note
that {z,y} and {y, 2} have no difference in non-welfare attributes; x € X and
y € Xy whereas y € Xy and z € X). Thus x =r y =f 2z implies that the
welfare attributes of x are not less praised in social preference than that of z.
Since there exists no difference in non-welfare attributes between = and z, the
social preference on {z, z} should be made only by the welfare attributes so that
we conclude = =F z.

Example 7 Let X = {z,y,2z}. The attribute sets are {x,y} and {z}. The
table below shows that (1)-(3) are independent each other.

n @ 6
T~ 2zZ~pY>Fp T YyE€S yes 1o
Z~NRpX~NpY-FpZ  yes no  yes
Y~ T~FpZ>-FpYy NO yes yes

As we noted before, transitivity of =g does not always hold if three social
states belong to different attribute sets. The example below shows this point.



Example 8 There exist three non-welfare attributes, religion, health and sex.
Let = be a social state where we are Christian and smokers, and same-sex
marriage is not legalized, y be a social state where we are Non-Christian and
nonsmokers, and same-sex marriage is not legalized, and z be a social state where
we are are Non-Christian and smokers, and same-sex marriage is legalized. The
attribute sets are {z},{y},{z}. In this example x = y »=r z does not imply
x >=p z. Note that the social decision for any two social states are made by two
non-welfare attributes; x > y is made by religion and health whereas y = z is
made by health and sex. Similarly = >r 2z has to be made by sex and religion.
But no information needed for this decision is contained in z = y and y =g 2.

A rule F satisfies Binary Independence (BI) if for any =, '€ P(X)" and
any z,y € X, if =; N{x,y}? ==L N{x,y}? for all i € N, then =p N{x,y}? =%
N{z,y}?. A rule F satisfies Binary Pareto (BP) if for any =€ P(X)" and any
x,y € X, if x =; y for all i € N, then = >p y. A rule F satisfies Indifference
Pareto (IP) if for any =€ P(X)"™ and any =,y € X, if © ~; y for all i € N then
x ~py. Arule F is the Pareto extension rule if and only if for all =€ P(X)"
andallz,y € X,z =p y <= —(y »; x Vi € N). A person i is decisive for (z,y)
if for any =€ P(X)", x »; y implies > y. A person i is dictator on Y C X if
he is decisive for any pair in Y x Y. A person 7 is dictator if he is dictator on X3.
Binary Neutrality holds on Y C X if for any =€ P(X)" and any z,y,z,w € Y,
{ieN:z=yl={ieN:zxwtand {ie N:zx,y} ={i € N:z x; w}
imply x =p y <= z =p w. If Binary Neutrality holds on X, we say simply a
rule F satisfies Binary Neutrality (BN).

For any z € X, let X(x) be the attribute set containing 2. We say that a
rule F' uses non-welfare attributes if either (i) there exist some =€ P(X)™ and
some z,y € X such that X(z) # X(y), x ~; y for all i and « »~p y or (ii) there
exist some =€ P(X)" and some z,y, z,w € X such that

(ra){ieN:z=yt={ieN:zxwland{ie N:z g, y} ={i € N:
z =i wh;

(ii-b) z ¢ X () U X (y) or w ¢ X (z) U X (y) ; and

(ii-c) x =F y < 2z =p w does not hold.

Note that x = z & y = w never happens at (ii) because of (ii-b). Note
also that if a rule uses non-welfare attributes it violates BN. We say that a rule
F satisfies the Use of Non-Welfare Attributes (UNWA) if it uses non-welfare
attributes. Note that if a rule satisfies UNWA then it violates BN, but not vice
versa. The Borda rule violates BN but does not satisfy UNWA.

4 Results

Theorem 1 (1) Suppose that there exists some X with at least two elements.
Then if a rule F satisfies CFR, BI and BP, there exists a person i who is decisive
for any pair (x,y) except for all the pairs such that {x} = X and {y} = Xy .

3We can say that i is dictator if he is decisive for all pairs in X.



(2) Suppose that any X has at least two elements. Then if a rule F satisfies
CFR, BI and BP, there exists dictator.

Proof. (1). Let X be the set with x and y. Take X,/ (\ # A) and z € X,/
arbitrarily. Thanks to CFR, = is complete and transitive on {z, y, z} and hence
Arrow’s Theorem is applied. Thus there exists a dictator ¢ on {z,y, z}. This
further implies that 7 is dictator on X and decisive for any pairs in (X x X/ )U
(X x X)). We show i is dictator on X, U X, if X,/ contains at least two
elements. Let z,w € X, and z >=; w. We can let z >=; * >; w and x € X,.
Since 14 is decisive on {z, 2z} and {z,w}, we have z »p = >r w. By CFR, we
have z »p w, a desired result. By noting that this holds for any X/, this
completes the proof of (1).
(2). (1) completes the proof. m

Theorem 2 If a rule satisfies CFR, BI, and UNWA, then it violates either FR
or IP, and if there exist only two attribute sets, the rule satisfies FR and violates
IP.

Proof. The first part of the statement follows from a well known fact that
any rule satisfying FR, BI and IP satisfies BN (Sen1970). Noting that FR is
reduced to CFR for two attribute sets case, we establish the second part of the
statement. ®m

For rules satisfying all the axioms, Theorems 1 and 2 suggest that there are
six cases that are logically possible. Table 1 lists the cases.

Table 1
(1) of Th. 1 | (2) of Th. 1
only two attribute sets

IP is violated and FR is satisfied Case 1 Case 2

three or more attribute sets
FR is violated Case 3 Case 4

three or more attribute sets
IP is violated Case 5 Case 6

Note that Case 5 is reduce to Case 3 since if FR is satisfied at Case 5, there
exists dictator so that the conclusion of (1) of Theorem 1 does not hold. Thus
FR is also violated at Case 5 which is reduced to Case 3. See Appendix for
more detailed arguement on the remaining cases.

We show independence of the axioms. Each attribute set is indexed by X,
(r=1,...,t). For any x € X, let 7(x) € {1,...,£} be such that z € X,(,).

Example 9 Let N(z,y,=) = #{i € N :  >=; y}. Let a rule F' be defined by:

For any =€ P(X)™ and any =,y € X,
x=py <= N(z,y,%=) > N(y,x, =) or [N(z,y, ) = N(y,x, ) and 7(z) > 7(y)]
x ~py <= N(z,y,%) = N(y,z,>) and 7(z) = 7(y).
This rule has no dictator and satisfies all the axioms except for CFR.



Example 10 Let 8,(z,%=) = #{y € X : = »; y} and S(z Zﬁ

Let & > 0 be such that n + k > kt. Let a rule F' be defined by For any
=€ P(X)" and any z,y € X,

v zpy = B, 7) +kr(x) = By, =) + k7 (y).

This rule has no dictator and satisfies all the axioms except for BI. Note
that BP is assured by the condition n + k > kt.

Example 11 Let a rule F be defined by: For any =€ P(X)" and any z,y € X,
z -py < [1(x) > 7(y)] or [7(x) = 7(y) &z -1 Y]
xr~py <= 1) =1(y)&z ~1 ¥y
This rule has no dictator and satisfies all the axioms except for BP.

Example 12 Let a rule F' be such that there exists some i € IV, called complete
dictator, such that @ = y <= = =; y for any =€ P(X)™ and any z,y € X.
This rule, called complete dictatorial rule, satisfies all the axioms except for
UNWA.

5 Conclusion

6 Appendix

Cases 1, 2 and 6: Given =€ P(X)", we define a lexicographic order =, as
follows.
For any x,y € X, the asymmetric part of = is defined by

Jke{l,.,n}tst.x~yVi<k—1&x =,y
T Ly <— or
x~y V& T(x) > T(y).

The symmetric part is defined by = ~p y <= x ~; y Vi & 7(z) = 7(y).

Let a rule F' be such that x =p y <= x = y for any =€ P(X)" and any
x,y € X. Person 1 is dictator for F. This rule illustrates Cases 1, 2 and 6*. It
is obvious that F satisfies FR, BI, BP and UNWA, and violates IP.

Case 3: Let a rule F' be such that for any =€ P(X)™ and any z,y € X,

T =1y if z,y € X UXy with #X\ >2or #X,v > 2
T =p Y <— or
- (y >z VieN) otherwise.

This rule illustrates Case 3. This rule satisfies CFR, BI, BP, UNWA and
IP, and violates FR . Person 1 is decisive in (1) of Theorem 1. Let X =

4Note that the only possible attribute sets for Case 1 are X — {z} and {x} for any z € X.
Thus Person 1 is dictator for Case 1.



{z,y,2z,w} where the attribute sets are {z,y}, {2z} and {w}. According the
rule, 1 is complete dictator® on {z,y, 2} and {z,y,w} and the Pareto extension
rule govern on {z,w}. Non-welfare attributes are used since z >; y implies
x >=p y whereas z =1 w does not always imply z >=pr w. FR is also violated
since z > x > w does not always imply z >=p w.

Case 4: Suppose that there exist at least three attribute sets. Let A, B, C be
such that A={z:7(z) =1}, B={z:7(x) =2}, and C = {x : 7(x) > 3}. A
binary relation >7 is defined by its asymmetric parts >pand symmetric parts
=ras follows:

x>y <= [re€A&kyeB|V[reB&yeClVxe C&yce A
T=ry <+ [,y € AV [z,y € B]V [z,y € C]

Note that >7 is complete but not transitive; >rhas cycles such that >
y >r z >p x where v € A, y € B and z € C. Let F be such that for any
=€ P(X)" and any x,y € X,

rT=py <= x>=1yorrx~yyandz>ry|,
TRy = [* ~1 y and =7 y].

This rule illustrates Case 4. This is a dictatorial rule satisfying CFR, BI,
BP and UNWA, and violates FR. Letting x € A,y € B, z € C, x ~1 y ~1 2,
we have ¢ >=p y =p z = x. This shows that F' uses non-welfare attributes. It
is easy to check that this rule satisfies CFR.
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