
Games with Discontinuous Payoffs: a Strengthening of

Reny’s Existence Theorem∗

Andrew McLennan, Paulo K. Monteiro, and Rabee Tourky

November 12, 2009

Abstract: We provide a pure Nash equilibrium existence theorem for games with discon-
tinuous payoffs whose hypotheses are in a number of ways weaker than those of the theorem
of Reny (1999). Our result subsumes a prior existence result of Nishimura and Friedman
(1981) that is not covered by his theorem. In comparison with Reny’s argument, our proof
is brief.

1 Introduction

Many important and famous games in economics (e.g, the Hotelling location game,
Bertrand competition, Cournot competition with fixed costs, and various auction
models) have discontinuous payoffs, and consequently do not satisfy the hypotheses
of Nash’s existence proof or its infinite dimensional generalizations, but nonethe-
less have a nonempty set of pure Nash equilibria. Using an argument that is quite
ingenious and involved, Reny (1999) establishes a result that subsumes earlier equi-
librium existence results covering many such examples. His theorem’s hypotheses
are simple and weak, and in many cases easy to verify. The result has been ap-
plied in novel settings many times since then. (See for example Monteiro and Page
(2008).) Largely in response to his work, a number of papers on discontinuous
games have appeared recently (Bagh and Jofre (2006); Bich (2006, 2008); Monteiro
and Page (2007); Carmona (2008); Prokopovich (2008); Barelli and Soza (2009);
de Castro (2009); Tian (2009)). Of these, Barelli and Soza (2009) deserves special
mention because it adopts many of our techniques from an earlier version of this
paper.
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