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Abstract. Let N � 3 and D � RN be a bounded domain with smooth
boundary. In this paper, we consider the existence and multiplicity of ho-
moclinic solutions for nonlinear elliptic problem

��u+ g(x; u) = 0;
where g 2 C1(R�D;RN ) has a spacially periodicity.

1. Introduction

Let N � 3 and 
 � RN be a cylindrical domain, i.e., 
 = R � D; where
D � RN�1 is a bounded open domain with a smooth boundary. In the present
paper, we consider the existence of homoclinic solutions of boundary value
problem

(P)
�
��u+ g(x; u) = 0 in 


@u
@� = 0 on @


where g 2 C1(RN � R;R) and � = �(y) denotes the outward pointing normal
derivative to @D: For x 2 
; we set x = (x1; y); where x1 2 R and y 2 D: We
impose the following conditions on g :

(g1) g(x; z) 2 C1(R� 
;R) and is 1�periodic with respect to x1;

(g2) G(x; z) =
R z
0 g(x; �)d� is 1�periodic with respect to z:

In [2] and [3], Rabinowitz considered the existence of spacially heteroclinic
solutions of problem (P) under the assumption (g1), (g2) and additional coni-
diton

(g3) g(x; z) is even with respect to x1 2 R:

In [5], the exsitence of the heteroclinic solutions of (P) was established with-
out the evenness condition (g3): Recently, using the results in these papers, the
existence of homoclinic solutions of (P) was established in [4].

The purpose of this paper is to investigate the existence and multiplicity
of homoclinic solutions of (P): We will show that there is a sequence of ho-
moclinic solutions of (P) such that each solution is given as a local minimal
of corresponding funcitional to (P). We also show the exsitence of a sequence
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of homoclinic solutions of (P) such that each solution is a moutain pass type
solution for (P).

2. Preliminaries and Statements of Main Results

Throughout the rest of this paper, we assume that coniditions (g1) and (g2)
hold. For x; y 2 RN ; we denote by x � y the inner product of x and y: For each
n � 1 and each open set U � Rn; we denote by k�kH1(U) and kkL2(U) the norm
of H1(
) and L2(
) de�ned by kuk2H1(U) =

R
U jruj

2 dx and kvk2 =
R
U jvj

2 dx

for each u 2 H1(U) and v 2 L2(U); respectively. We denote by h�; �iU the inner
product of H1(U): Put 
i = [i; i + 1] � D for each i 2 Z:For each function
u : H1

loc(
) �! R and m 2 Z; we denote by u(m) the restrection of u on
H1(
m): Let v 2 H1

loc(
) and t 2 R: We denote by �tv the function de�ned by
�tv(x1; y) = v(x1 � t; y) for all (x1; y) 2 R�D:

We set

L(u)(x) =
1

2
jru(x)j2 �G(x; u) for u 2 H1

loc(
) and x 2 
:

Put

Ii(u) =

Z

i

L(u)dx for i 2 Z and u 2 H1(
i)

and
E =

�
u 2W 1;2(
0) : u is one periodic in x1

	
:

We put
c0 = inf

u2E
I(u) and M0 = fu 2 E : I0(u) = c0g :

Then the following is known.

Proposition 1 ([3]). M0 6= ; and M0 is an ordered set.

Here we put

aj(u) =

Z

j

L(u)dx� c0 for j 2 Z and u 2 H1(
j);

and

Jl;m(u) =
mX
j=l

aj(u) for l;m 2 Z with l � m:

We also put

J(u) = lim inf
l�!�1

Jl;0(u) + lim inf
m�!1

J0;1(u) for u 2 H1
loc(
);

J�1;m(u) = lim inf
l�!�1

Jl;0(u) + J1;m(u) for u 2 H1
loc(
) and m � 1;

Jm;1(u) = Jm;0(u) + lim inf
l�!�1

J1;l(u) for u 2 H1
loc(
) and m � 0:

For each v; w 2M0 with v < w; we set

[v; w] =
�
u 2 H1(
) : v � u � w

	
; [v; w]m =

�
uj
m : u 2 [v; w]

	
��(z) =

n
u 2 [v; w] : J(u) <1; ku� zkL2(
j) �! 0; as j �! �1

o
for z 2 fv; wg ;
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�+(z) =
n
u 2 [v; w] : J(u) <1; ku� zkL2(
j) �! 0; as j �!1

o
for z 2 fv; wg:

�(z1; z2) = ��(z1) \ �+(z2) for z1; z2 2 fv; wg :
and

�(z; z) =
n
u 2 [v; w] : J(u) <1; ku� vkL2(
j) �! 0; as j �! �1

o
for z 2 fv; wg :

Then we have

Proposition 2 (cf. [4, 5]). For each v; w 2M0 and u 2 �(v; w);, liml�!�1 Jl;0(u)
and limm�!1 J1;m(u) exists.

Remark 1. From Proposition 2, it follows that for each u 2 ��(v)
J�1;m(u) = lim

l�!�1
Jl;0(u) + J1;m(u) for m � 1:

Similarly, we have for each u 2 �(w);
Jm;1(u) = Jm;0(u) + lim

l�!1
J1;l(u) for m � 0:

Let v; w 2 M0: We call u 2 H1
loc(
) a heteroclinic solution of (P) in [v; w] if

u 2 �(v; w) and u is a solution of (P): A solution u 2 H1
loc(
) of (P) is called a

homoclinic solution in [v; w] if u 2 �(v; v) or u 2 �(w;w):
We put

c(v; w) = inf
u2�(v;w)

J(u); for v; w 2M0

and
M(v; w) = fu 2 �(v; w) : J(u) = c(v; w)g for v; w 2M0:

Then we have

Proposition 3 ([2]). For each v; w 2 M0 which are adjacent and v < w;
M(v; w) is a nonempty ordered set:

We will consider the existence of homoclinic solution of (P) under the follow-
ing conditions:

(*) M0 has adjacent elements v; w with v < w:

(**) M(v; w);M(w; v) are not continimum.

(C) inf
�
I(v) : v 2 H1(
0)

	
� c0:

We can now state our main results:

Theorem 1. Assume that (g1); (g2); (�); (��) and (C) holds. Let v; w 2 M0

be adjacent with v < w: Let v1; v2 2 M(v; w) be adjacent with v1 < v2: Then
there exists a positive integer n0 and a sequence fung � �(v; v) of homoclinic
solutions of (P ) such that
(1) un < un+1 for each n � 1 :
(2) ��n0�nv1[0] � un[0] � ��n0�n�1v2[0] for each n � 1 :
(3) limn�!1 J(un) = c(v; w) + c(w; v):
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Remark 2. In [4], the existence of homoclinic solutions of (P ) was established
without assuming the condition (C): Assuming (C); we can get shaper char-
acterization of solutions for (P ): The condition (C) is satis�ed if the functions
satsi�es (g3) (cf. [2])

Theorem 2. Assume that (g1); (g2); (�); (��) and (C) holds. Let v; w 2 M0

such that v; w are adjacent and v < w: Let v1; v2 2 M(v; w) be adjacent with
v1 < v2: There exists �0 > 0 , a posive integer n0 and a sequence fu�ng � �(v; v)
of homoclinic solutions of (P ) such that
(1) u�n < u

�
n+1 for each n � 1 :

(2) ��n0�nv1[0] < u
�
n[0] � ��n0�n�1v2[0] for each n � 1 :

(3) lim infn�!1 J(u�n) > c(v; w) + c(w; v) + �0:

Remark 3. The solutions obtained in Theorem 2 are of moutain pass type.
The existence of mountain pass type solutions for heteroclinic solutions of (P)
was considered in [1].

References

1. S. Bolotin and P. H. Rabinowtiz, A note on heteroclinic solutions of mountain pass type
for a class fo nonlinear elliptic pde�s, Progress in Nolinear Di¤. Equ. 66 (2005), 105�114.

2. P. H. Rabinowitz, Solutions of heteroclinic type for some classes of semilinear elliptic par-
tical di¤erential equatuions, J. Fac. Sci. Tokyo 1 (1994), 525�550.

3. , Spatially heteroclinic solutions for a semilinear elliptic pde, Control, Optimization,
and Caclulus of Variatoin 8 (2002), 915�932.

4. , Homoclinics for a semilinear elliptic pde, Comtemporary Math. 350 (2004), 209�
232.

5. , A new variational characterization of spatially heteroclinic solutions of a semilinear
elliptic pde, Discrete and Continuous Dynamical Systems 10 (2004), 507�515.

Hodogayaku, Tokiwadai, Yokohama, Japan

Hodogayaku, Tokiwadai, Yokohama, Japan
E-mail address : hirano@math.sci.ynu.ac.jp


