Some variational convergence results for
integral functionals using Young measures
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The study of variational convergence for integral functionals via the con-
vergence of Young measures with applications to Control problems and some
classes of evolution inclusions of second order was developed in a series of pa-
pers by Castaing-Raynaud de Fitte-Salvadori. Using the stable convergence
and the fiber product for Young measures, we present here a more general
study for integral functionals defined on L([0,1],dt) x Y(]0,1],Y) where H
is a separable Hilbert space, Y is a Polish space and Y ([0, 1],Y) is the space
of Young measures on [0,1] x Y. In particular, we consider two compact
metric spaces Y and Z and the spaces of Young measures H = )([0,1],Y)
and R = )([0,1],Z) and we prove that, under suitable hypotheses, the value
function

Uj(t,x) = sup inf {/ / / (t, ue A w(t), Y, 2) Me(dy)] v (d2)] dt}

VvER AEH

is a viscosity subsolution of the Hamilton-Jacobi-Bellman equation U (¢, )+
H(t,x,VU(t,z)) = 0. Here ugy, is the unique trajectory absolutely con-
tinuous solution of the evolution inclusion

uﬂf,)\,V(t) € _aI'y,Y(ta uac,)\,u(t)a )\t)
—I—fZ[ng(t,ux,A,,,(t),y,z) M (dy)|ve(dz), a.e. € [r,1],
Up A (T) =2 € H,

governed by the subdifferential operator 01,y associated with the control
Young measures (A, v) € H xR, where J and g are Carathéodory integrands
defined on [0,1] x H x Y x Z, 7 is a Carathéodory integrand defined on
[0,1] x H x Y that is convex on H, I,y is the convex integral functional
defined on [0,1] x H x ML (Y) by I,y (t,z,v) = [, y(t,z,y)v(dy) for all
(t,z,v) € [0,1] x H x M (Y), and the integrand H in the HJB equation is
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defined on [0, 1] x H x H by

H(t,x.p) = infyens ) 5Pyenes o) (0: Jo Ly 00t 2., 2) Mdy)] w(d2))

+ gy It 2.y, 2 /\(dy)] v(dz)) +0%(p, =01, y(t, z, X))}
Some limiting properties for nonconvex integral functionals in proximal anal-
ysis are also investigated using Komlds convergence. In particular, the fol-
lowing holds. Let H be a separable Hilbert space. Let f be a nonnegative
normal integrand defined on [0,1] x H. Let (Uk)keNu{oo} be a bounded
sequence in L ([0,1]) say, Noo(u¥) < R for all k € NU {oc} for some
R > 0, which converges to u™ for the norm Ny, with u* € dom I ¢ for all
k € NU{oo}, (6F)ren a bounded positive sequence in L(([0,1]) and (¢¥)ren
be a bounded sequence in Lj([0,1]). Assume that

Ftu(t) > FEuF @) + (), 0(t) — uF (1) + o @)|[v(t) — uF(#)]?
for all v in the closed ball ELﬁo([OJ])(O, 2R) and for all ¢ € [0,1]. Then there
is a filter F finer than the Fréchet filter such that

o (L ([0,1]), L ([0,1]) — lijgnék =1¢e Lg([0,1])
and

a(L&([0,1]), LZ ([0,1]) — li;nak =0 € L([0,1])
so that

1
/ftv dt>/ ft,u>@)dt+ (I, v—u >+/0 a(t)||v(t) —u>(t)||? dt.

Consequently, I € 0PI;(u>). Further, let | = [, + I, be the decomposition
of [ in absolutely continuous part I, and singular part I, then we have

/ftv dt>/ftu dt+/1(l (), v(t) — u(8) dt
0
1

v(t) — u™ 2 qt.

+/O o () lu(t) — u(8)| dt

In particular, assume that f is a lower semicontinuous function defined on
H, (u*) pointwise converges to u*, and

fla) = (@) + (CF (1), — P (1) + o ()| — u" (1)
for all k € N, for all # € Bg(0,2R) and for all ¢ € [0,1]. Then, there
is a Lebesgue-negligible set A such that for each t € [0,1] \ N and each
S BH(O, QR),
fl@) = f(u™(t)) + (bar(vp),z — u™(t)) + o(t)[Jz — u®(t)|]%,
where bar(v;) denotes the barycenter of 1. In particular, the preceding
inequality holds for each = € u*(t) + Bm(0, R), in other words, bar(v;) €

o f(u= ().

Further applications are presented in a forthcoming paper.
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